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Abstract 

We study the dimensional reduction of ten-dimensional super Yang- Mills theory 
in curved backgrounds with torsion. We examine the parallel spinor conditions 
and the constraints for the torsion parameters which preserve supersymmetry and 
gauge symmetry in four dimensions. In particular we examine the ten-dimensional 
fi-background with the torsion which is identified with the R-symmetry Wilson line 
gauge fields. After the dimensional reduction, we obtain the O-deformed = 4 
super Yang-Mills theory. Solving the parallel spinor conditions and the torsion 
constraints, we classify the deformed supersymmetry associated with the topological 
twist of = 4 supersymmetry. We also study deformed supersymmetries in the 
Nekrasov-Shatashvili limit. 



1 Introduction 



The 0-background [T] has been recognized as an interesting and useful deformation for 
studying non-perturbative effects in supersymmetric gauge theories via the locahzation 
technique [21 [3l H] . This background can be embedded into superstrings and the instanton 
partition functions are extracted from the scattering amphtudes [3 |6l [TJ El |9]. The 
microscopic deformed instanton effective action is also obtained from the D3/D(— 1) brane 
system in the R-R 3- form backgrounds [lOl |TT] . 

The ^-background is a curved geometry with the action of U{1) vector fields and 
is realized in higher dimensions. The background breaks the Poincare symmetry and 
also supersymmetry in general. A part of the supersymmetries, however, can be re- 
covered by introducing the R-symmetry Wilson line gauge fields. For example, the Q 
deformation of A/" = 2 super Yang- Mills theory is obtained by the dimensional reduction 
of six- dimensional Af = 1 theory in the geometry with [/(l)^-action and the SU{2) R- 
symmetry Wilson line gauge fields. One can recover a scalar supersymmetry by choosing 
the appropriate Wilson lines, which is obtained by the topological twist of = 2 su- 
persymmetry. Using this equivariant scalar supercharge, we can apply the localization 
method to compute the instanton partition function [2]. 

In the previous paper [12], we have studied JV = 1 super Yang-Mills theory in ten- 
dimensional fi-background with the ?7(l)^-action and the constant SU{A) R-symmetry 
Wilson line gauge fields. After the dimensional reduction to four dimensions, we have ob- 
tained the f2-deformed A/" = 4 super Yang-Mills theory. This theory admits the deformed 
supersymmetry in some cases. For the self-dual fi-background, the theory is invariant 
under the anti-chiral half of the A/" = 4 supersymmetry. For the ten-dimensional Q- 
background restricted to the six-dimensional fi-background with the appropriate Wilson 
line gauge fields, it corresponds to the M = 2* deformation of A/" = 4 theory. The ex- 
plicit construction of the deformed supersymmetry transformations are however a very 
cumbersome task due to the complicated form of the deformed Lagrangian. 

The purpose of the present work is to study systematically the supersymmetry of 
four-dimensional fi-deformed Af = 4 super Yang-Mills theory from the viewpoint of ten- 
dimensional A" = 1 theory in a curved background. For the flat spacetime background 
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the dimensional reduction of Af = 1 supersymmetry leads to the Af = 4 super symmetry 
in four dimensions [T3]. The supersymmetry for the Af = 1 super Yang-Mills theory in 
a curved manifold leads to the parallel spinor conditions, which implies that the curved 
background has the Ricci-fiat special holonomy. This was generalized into the curved 
spacetime with the Killing spinor conditions [13] • Recently the localizations of = 4 
and M = 2* theories on the sphere have been studied with the help of the supersymmetry 
associated with the Killing spinor conditions [T5| [T6]. 

For supersymmetry in the ^-background, it is necessary to introduce the R-symmetry 
Wilson line gauge fields, which is not realized by the deformation of the metric. In order 
to study this Wilson line deformation, we will investigate more general set-up, namely, 
M = 1 super Yang-Mills theory in a curved background with torsion. The parallel spinor 
conditions are modified due to the torsion, which relaxes the Ricci-fiat conditions for 
the curved spacetime. Note that generic torsion is inconsistent with gauge invariance. 
We will consider a special class of torsion such that the resulting four- dimensional gauge 
theory is gauge invariant after the dimensional reduction. When we apply this formulation 
to the ten-dimensional ^-background, we can identify the torsion with the R-symmetry 
Wilson line gauge fields. By solving the modified parallel spinor conditions we will find 
the constraints for the f2-background parameters and the Wilson line gauge fields. 

As in the M = 2 case, the deformed scalar supersymmetries can be constructed by 
the topological twist of the A/" = 4 supersymmetry, which is classified as follows: the half- 
twist, the Vafa-Witten twist and the Marcus twist [I7j. We will construct the deformed 
supersymmetries for these twists. We will further study the Nekrasov-Shatashvili limit 
[T8] of the deformed supersymmetry, where the supersymmetry is enhanced due to the 
partial recovery of the Poincare invariance in two dimensions. 

This paper is organized as follows: in section 2, we introduce the ten-dimensional 
M = 1 super Yang-Mills theory in a curved background with torsion. In section 3, we 
study the dimensional reduction to four dimensions and examine the conditions such that 
the reduced theory has the gauge symmetry and also supersymmetry, which becomes the 
parallel spinor conditions and the constraints for the torsion. In section 4, we study the VL- 
background with torsion, which is identified with the Wilson line gauge fields. We examine 
the parallel spinor conditions and the torsion constraints and obtain the conditions for 
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the deformation parameters. We then construct the deformed supersymmetries associated 
with the various twists as well as the Nekrasov-Shatashvili limit. In the appendix, we 
summarize the Dirac matrices in four and six dimensions. 



2 Ten- dimensional super Yang-Mills theory in curved 
background with torsion 

In this section, we introduce ten-dimensional A/" = 1 super Yang-Mills theory in curved 
background with torsion and discuss supersymmetry in the background. 

We first define ten-dimensional N' = 1 super Yang-Mills theory with gauge group G 
in the flat spacetime. This theory contains a gauge field Am {M = 0, 1, . . . , 9) and a 
Majorana-Weyl fermion \E', where both fields belong to the adjoint representation of G. 
The Lagrangian is 



Co = ^Tr 
fig 



(2.1) 



where g is the coupling constant, Fmn = c^A/^Af — f^Af^M + ^[^a/, Am] is the field strength 
of Am- The gamma matrices are defined by r^^F^ + r^F*^ = 2ri'^^^ , where the 
flat metric t/mn is taken to be Lorentzian as t/mn = diag(— 1, +1, . . . , +1). The gauge 
covariant derivative is defined by Dm* = Qm * + i[AM-, *]■ We normalize the generators 
T" (m = 1, . . . , dimG) of the gauge group G as Tr (T"T^) = 

The Lagrangian (12.11) is invariant up to a total derivative under the supersymmetry 
transformation [13] 

5Am = <rA/^, 5^ = -^Fm^F[*^F^]C, (2.2) 

where C is a constant Majorana-Weyl spinor. The square bracket in r'^F^l denotes 
the antisymmetrization of the indices in the product of two gamma matrices, defined by 
YWyN] ^ 1(yMyn _ Y^T^^). T^m^yM2 . . . rAf„] jg similarly normalized by the factor l/n\. 
The variation of the Lagrangian under (12. 2 p is 



SCo = — ?Tr 



-l^r^^f^lMC, ^] + '-^T^'^'W^ {D^mFnp], 
'-Dm{^T^V^T'\Fmp) 



(2.3) 
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Since the first and the second terms vanish by the Fierz and the Bianchi identity, respec- 
tively and the third term is a total derivative, the action is invariant under fl2.2p . 

We next consider ten-dimensional curved spacetime background which is represented 
by the metric Gmm and the torsion Tj^j^^ (see, for example [IS]). We use the calligraphic 
letters A^, A/", V, . . . ( = 0, 1, . . . , 9) for the indices of the curved spacetime coordinates. 
We also introduce the vielbein ej^ , where the capital letters M, N, P, . . . are used for the 
indices of the tangent space coordinates. The metric is written in terms of the vielbein as 
^MAf ~ Vmn^m^m- '^^^ spi^ connection Qm,np is related to the vielbein and the torsion 
by Cartan's first structure equation 

Tmx^ = dMe^ - due^M + ^m,^q - ^N^^q ejj- (2.4) 
Then u)m,np is expressed in terms of and T_mj\j-^ as 

^M,NP = ^M,NP + K_M^p^p, (2.5) 

^M,NP = 2 (^XA^,-P ~ Cnp,m + Cpm,n)-, (2.6) 
Km,np = —- {Tmn,p — Tnp^m + Tp^ i^^ , (2.7) 
where Cmjv^ are the Ricci rotation coefficients defined by 

Cmm^ = dM^M - d^^M- (2-8) 

The tensor Kj^ j^p is called the contorsion. The torsion is expressed in terms of the 
contorsion as 

Tmm'^ = -KmV + Km^m^. (2.9) 

We also introduce the affine connection Fj^j^j-^ . Then the covariant derivative of the 
vielbein is 

V^e;^ = due'^ - -Tma^^ + ujm.^q ejf- (2.10) 

Here Vx denotes the spacetime covariant derivative including the torsion. We also de- 
note the spacetime covariant derivative without the torsion as V^. We relate the two 
connections by imposing the vielbein postulate 

^MeM = 0. (2.11) 
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From (12. 5p and (12. lip . Fmm^ is decomposed into the torsion-independent part and the 
contorsion part as 

Fmn^ = -Tmat^ + Ml (2.12) 

where the first term is the usual Christoffel symbol (the Levi-Civita connection) 

^MM^ = -jG^^{dMGj\fQ + Oj^/Gmq — dQGMAf)- (2-13) 

Now we introduce the Lagrangian in the curved spacetime background with the torsion 
by replacing all the derivative Om in (12. ip to the spacetime covariant derivative V^^ and 
the appropriate contraction of the indices. For the vector field and the spinor field, Vm 

acts as 



VmAm = OmAm - Fmm' Av, Va^^ = i^dM + -ujM,Npr''^j ^, (2.14) 

where T^^^ = Irl^^F^l is the ten-dimensional Lorentz generator. The field strength Fj^j\j- 
is replaced with Fj^f^ defined by 

Fmat = ^mAx - VxAm + i[AM, Aj^] 

= Fmn-Tmn''Aj,. (2.15) 

The gauge covariant derivative Dm is replaced with V^''* = V^^ * + which 
is covariant with respect to both the gauge and the general coordinate transformation. 
Then the Lagrangian in the curved background with the torsion becomes 



C = ^Tr 

1^9 



(2.16) 



where e is the determinant of the vielbein and e-j^ is the inverse vielbein. We note that 
(I2.16P is not gauge invariant when the torsion is nonzero, since the last term in (12.151) 
explicitly depends on the gauge field itself. 

We discuss the invariance of the action under the supersymmetry transformation: 

5Am = (Tm^, = -^e^e^F^A^Fl^^F^lC- (2.17) 
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The variation of the Lagrangian fl2.16p becomes 



5C = ^Tr 



:2.i8) 



where we have used the Fierz identity. In the first term we will compute Vj_y\^F^pj. From 
the Bianchi identity, we obtain 

v[2^Arp] = -{dQAyM)TMvf - {d^MTMv]^ + T^MN'^TT.^Q^)An. (2.19) 

In order that the first term of (12.191) vanishes, the torsion must be zero. In this case the 
second term in (I2.18P becomes a total derivative. The last term in (12.181) becomes zero 
by requiring that C, satisfies the parallel spinor condition 

VmC = 0. (2.20) 

Hence the Lagrangian (I2.16P is neither invariant under the supersymmetry transformation 
( ]2.17p nor gauge invariant in ten dimensions, unless the torsion vanishes. It is related 
to the fact that bosonic and fermionic physical degrees of freedom are different since 
the gauge field becomes massive. This implies that the action is not supersymmetric. 
However, if we consider the dimensional reduction, the action becomes invariant under the 
gauge and supersymmetry transformations when the torsion satisfies certain conditions, 
as we will see in the next section. 

3 Dimensional reduction and parallel spinor condi- 
tions 

We now consider the dimensional reduction of the theory (I2.16P to four dimensions. We 
also perform the Wick rotation x° = —ix^^. The local Lorentz group 5*0(10) is reduced to 
SU{2)l X SU{2)r X 5f/(4), where SU{2)l x SU{2)a is the Lorentz group in four dimen- 
sions and SU{4) becomes the R-symmetry of the reduced theory. After the dimensional 
reduction, the gauge field Am is decomposed as Am = {A^, ipj), where (/^ = 1, • • • , 4) 
is the gauge field and (p_^ (^ = 5, . . . , 10) are the scalar fields in four dimensions. The 
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spinor field \1/ is also decomposed as \E' = (A;^,A^), where a, d = 1,2 are the SU{2)l 
and SU{2)fi indices respectively. These indices are raised and lowered by the antisym- 
metric e-symbol normalized as = —£12 = 1- A = 1, ... ,4 is the index for the vector 
representation of S'f/(4). The gamma matrices are decomposed as 



where we have decomposed the index M as M = (m, a) (m = 1, . . . , 4, a = 5, . . . , 10). 
In denotes the nxn identity matrix. The conventions of four- and six-dimensional Dirac 
matrices a"^, cx"^, S", are given in the appendix. 

The fields and the background do not depend on the internal coordinates x"^ in the 
dimensional reduction. By setting = in fl2.16p . we obtain the four- dimensional 
Lagrangian as 

^ iri/ ^ . . ^ .„^\2 

Ad = — ^Tr 



-e(e^e''F + ie'' - e^e^)F a + e^F An 



2 

AB 

+ e^^A^^cT™ D,Ai + ^e;^A"^a™[^^, A^] 

- ^e^S^^A°^[^^, Af] - ^e;fS'^^^A,4^^, A^ 

+ ^e:^S^^A"^D,Af + ^e:^S»^^A^^Z},AS + ls^^,„pA^e™a,A^ 



- -Wa,b,(A^(S['^E^E'=l)^BA^ + A^(S['^S^E'=1)^-^A 



(3.2) 



where e"^"P5 jg |;]2e totally antisymmetric tensor normalized as e^^'^^ = 1. o"'"", (x'"'^ and 
Y^ab^ ^y^q Lorcutz generators in four and six dimensions respectively, which are 

defined in the appendix. F^y, F^Aj Fab are the components of the modified field strength 
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fl2.15p . which are obtained as 

P'/lU P'/IL' T^y^ Ap T^y y?_4, 

Fab = i[y^A, V^b] - T^B^Ap - T^b^^c- (3.3) 

The Lagrangian fl3.2p does not have the gauge invariance since £40 depends on ex- 
phcitly. However the gauge invariance is recovered by setting 

W = iT,u'. V' = 0. (3.4) 

Next we examine the supersymmetry in the dimensionally reduced theory under the 
gauge invariance condition (13. 4p . We use the notation in ten dimensions for convenience. 
The condition for supersymmetry is that (12.180 becomes a total derivative. (I2.19P vanishes 
due to (13.41) and the reduction 9^ = 0. The second and the third terms become zero by 
imposing the condition 

diMTAfp]'^ + T[MX^T-p]Q^ = 0. (3.5) 
The second term in the variation (12.18P does not become a total derivative. We have 

cVmV^ = dMieV^) + eTMN^V^, (3.6) 
where the vector V-'^ is given by 

^ ^ '-^r-^^r^C^A^p • (3.7) 

Hence we have the traceless condition such that the second term in (13. 6p vanishes as 

Tmn^ = 0. (3.8) 



The last term in (I2.18P becomes zero when C, satisfies the parallel spinor condition modified 
by the torsion as 

VmC = 0. (3.9) 

Therefore the dimensionally reduced theory from (12.161) is invariant under the super- 
symmetry transformation (12.171) generated by the parallel spinor ^ satisfying (13. 9p when 
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the torsion Tmn^ satisfies the conditions (13 ■4p . (13. 5 p and (13. 8p . After the dimensional 
reduction, the supersymmetry transformation (I2.17P becomes 

+ {J:-yB(''{e^AF,u + {e'^ef - e^,et)F,A + e^fF^s), 

6Aa = a™CA(e!;e:F^, + {e^^e^ - e^^et)F,A + etelFAs) 

+ iT.^^a^C^e^^e^F,, + {e^^e^ - e^,ei)F,A + e^e^jAs) 

+ (S«'')^^Cb {e^AF,u + - e^,e^)F,A + e^e^FAs) , 

S^^A = -e'JC^amAA - e'JC^a^AA + le^C^^aABA"" - zc'^U^^'^Ab, (3.10) 

where we decomposed ( a.s ( = Caa)- 

Here we consider the case of the flat spacetime and that the constant torsion is turned 
only in the six-dimensional direction as an example. In the Lagrangian (13.21) . the torsion 
gives the mass terms for the fermions and scalars. The supersymmetry conditions restrict 
the form of the mass terms. From (13. 5p the constant torsion satisfies T[ab'^Tc]d'^ = 0, which 
implies that the torsion can be regarded as the structure constant of a Lie algebra T 
and forms the adjoint representation of T. The dimension of T is equal to or less than 
six, where the latter case is possible when the components of the torsion are not linearly 
independent. The traceless condition Tab"" = from (13. 8p must be also satisfied. 

If the torsion is totally antisymmetric, the traceless condition is satisfied. Moreover, 
from (12. 7p the contorsion is proportional to the torsion as Ka^bc = —\Tab,c- In this case T 
becomes a subalgebra of SU{4:). The parallel spinor condition (13.90 becomes 

TabA^''^)^BCa = 0, TabA^'y^'CaB = 0. (3.11) 

Since the matrices acting on the parallel spinors in (13. lip are the Hermitian conjugate 
to each other, we have the same number of the left-handed and the right-handed parallel 
spinors. The number of supersymmetries depends on the choice of T and how T is embed- 
ded into SU (4). We summarize the relation between T and the number of supersymmetry 
in table [H 
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r 


of SUSY 


SU{2) X SU{2), SU{2) X U{lf, U{lY 


Ar = o 


SU{2) X U{1), f/(l)2 


Af=l 


SUi2), f/(l) 


Af = 2 



Table 1: Torsion algebra T G SU{A) and the number JV of supersymmetry. The embed- 
ding of T is chosen such that becomes maximal. 



As an example, we consider the case T = ^(1)^- If T is embedded into SU{4) 
appropriately, the parallel spinor condition fl3.1ip has the form 



/o 








o\ 


A 




























Vo 








ha) 





— 0, tia + t2a + ^3a — 0, tia, t2a; ^3a 7^ 0. 



(3.12) 



B 



The similar condition for ^4 holds. The solution to (13.121) is = 0,0,0)^. Then we 
have A/" = 1 supersymmetry. We can check that it corresponds to the Af = 1* deformation 
[201. The mass term for the fermions takes the form of 



where the two mass matrices tjiab and are defined by 



(3.13) 



rriAB = -^(S['^S^S^l)ABr,,,„ m^^ = -^(Sl^S^S^O^^^aV- 
lo lo 



(3.14) 



When the parallel spinor condition becomes the form of fl3.12p . we can show that each 
mass matrix has one zero eigenvalue. This is the Af = 1* deformation. Similarly, in the 
case of T = U{1) we obtain the M = 2* deformation. 



4 Q-background and Deformed Supersymmetry 

In this section, we study the four- dimensional J\f = 4 super Yang-Mills theory in the Q- 
background with torsion. We solve the parallel spinor and the torsion conditions obtained 
in the previous section and classify the supersymmetries. 
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4.1 A/^ = 4 super Yang-Mills theory in il-background 



The Lagrangian of the four- dimensional A/" = 4 super Yang-Mills theory in the Q- 
background is obtained by the dimensional reduction of the ten-dimensional JV = 1 super 
Yang-Mills theory in the spacetime with the metric: 



QjTt Qmn Qmn r^nm 

a a-^ni a at 



(4.1) 



where and are the coordinates of the four- and six-dimensional spaces. The anti- 
symmetric matrices ^Imna are parameterized as 



/ ei, \ 

-eia 

-e2a 

\ / 



(4.2) 



where eia,e2a are real parameters. These matrices commute with each other 



O p O 



0. 



(4.3) 



The vielbein is given by 



e M 



e M 



5"^^ 







(4.4) 



We introduce the constant torsion along the internal directions, which is consistent 
with the dimensional reduction. We want to study the supersymmetry conditions in this 
setup. Another way to recover parts of supersymmetry is to introduce the constant Wilson 
line gauge field Aa by gauging the SU (4) R-symmetry [H [12] . From the expression of 
the covariant derivative fl2.14p in the general curved background, we find that the SU{A) 
R-symmetry Wilson line gauge field is identified with the contorsion through the following 
relation, 

Kam = -tSX{Aa)''B{^bcfA, (4.5) 
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or equivalently 

{Aa)^B = (4.6) 

The other components except Kj^ i^c are zero. From (12. 9p . the non-trivial components of 
the torsion are given by 

V = -5i5^(i^a/ - (4.7) 

Tab' = -S:,6'^6UKa/ - K,/). (4.8) 

The non-zero components of the spin and affine connections are evaluated as 

^A,mn = ^A^mna, ^A,bc = KaMc, (4-9) 

r.A" = ^\a, (4.10) 

Fab" = n^A^'B-S'kn'^cKAX (4.11) 

^4/ = S'^S^cKArb- (4.12) 

The gauge invariance condition (13.41) reads 

Tab" = 0. (4.13) 

Using this condition and substituting the vielbein (14.41) and the torsion (14. 7p . (14.81) into 
the Lagrangian (13. 2p . we obtain 



- i(Sj^^A^[¥,,, As] - i(Sj^BA^[y,,, A^] 

- 1((E,S,)^b^,(A)''a - (S,S,)%^,(A)''a) 

- ^^-((EJ^^A^Z^^Ab + (S„)^bA^D„A^) 

+ ^fi^„4(S„)^^A^a"^'^AB + (S,)ABA^a™"A^) 

+ ^(S,)^^AaAb(A)^b - i(S„)ABA^(A)^DA^] . (4.14) 

This Lagrangian indeed coincides with the f2-deformed one with the R-symmetry Wilson 
line obtained in |12] . 
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4.2 Super symmetry conditions in il-background 

Now we examine the supersymmetry and gauge invariance conditions for the Lagrangian 
fl4.14p . We first write down the parallel spinor condition f l3.9p in the ^-background with 
the torsion. Then, we consider the constraints on the torsion (13.41) . (13. 5p and (13. 8p . 

4.2.1 Parallel spinor condition 

The parallel spinor condition (13. 9p in the ^-background with the torsion is given by 



From the condition (I4.15p . the parameter ( becomes constant. When the il-background 
matrices flmna are anti-self-dual or self-dual, and the torsion is zero, the condition (14.160 
is satisfied for the chiral or anti-chiral parameters , Ca respectively. In these cases, all 
the torsion conditions (13. 4p . (13. 8p and (13. 5 p are trivially satisfied and half of the Af = 4 
supersymmetries are preserved [l2]. However, when flmna is not (anti-)self-dual, the 
condition (]4.16p can not be satisfied in general. 

In following, we consider Qmna which is not (anti-)self-dual. Since F™" and F"^ are 
generators of four- and six- dimensional rotations, Qmna and Ka^bc are rotational parameters 
of SO (4) and 5*0(6). Since the matrices flmna commute with each other, they are the 
rotational parameters of the U{1)l x U{1)r Cartan subgroup of the four- dimensional 
Lorentz group 5*0(4) ~ SU{2)l x SU{2)r. For the six- dimensional rotation group, we 
consider the subgroup 30(2)' x 30(4)' ~ f/(l)' x 3U{2)l, x 3U{2)r, of 30{Q). We 
decompose the six- dimensional vector index a into a = {a',d) {a' = 5,6,a = 7,8,9,10), 
associated with the 5*0(2)' and 5*0(4)' rotations respectively. We cancel parts of the 
component in flmna^"^"' and Ka^bc^'"^ by identifying U{1) charges of the Lorentz group with 
that of six dimensions. This is done by identifying 5f/(2)'s in the Lorentz group with those 
in the R-symmetry group. These identifications correspond to the topological twist of the 
four-dimensional M = 4 supersymmetry [17J. Then the components of the contorsion 
Ka,bc are the parameters of the Cartan subgroup U{1)l' x U{1)ri of 3U{2)l' x 3U{2)r', 



V,C = d,C = 0, 



(4.15) 
(4.16) 
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U{1)l U{1)r Uil)L' U{1)r' 

C^' ±i ±i 

ci ±1 ±i 
C% ±i ±1 

Table 2: f/(l)x charges of spinors. 



where are non-zero and 

Ka,b'c' = Ka,yc = 0. (4.17) 

The condition (I4.16p becomes 

((]^„,r™" + ir^ g,r^^)C = 0. (4.18) 

Now we determine the U{1) charges of the spinor parameter ( = (C^jCa)- "^^^ repre- 
sentations 4 and 4 of SU{4) are decomposed into the representation of f/(l)' x SU{2)li x 

SU{2)Rr. 

4 = (2, l)i/2 + (1, 2)_i/2, 4 = (2, l)_i/2 + (1, 2)i/2, (4.19) 

where the first and the second components in the parenthesis are the representations of 
SU{2)y and SU{2)ji/ respectively. The subscript ±1/2 denotes the f/(l)' charge and 2, 1 
are the two-dimensional and the trivial representation of each SU{2). Then we have the 
following decomposition of spinors, 

Cf = (Cf,d), a = (G,Ci), A' = l,2, i = 3,4. (4.20) 

Spinors that have A' = 1,2 are 2 representation of SU{2)jii while that have A = 3,4 
are 2 representation of SU{2)l'- The generators of 5*0(4)' for the spinors Cq';Ca' ^'^d 
are {Eab)A'^' = -{f^ab)^' A' and (S^h)^^ = -{Ilab)^ a- We are interested in the 
U{l)x {X = L, R, L' , R') charges of spinors associated with the Cartan subgroups of 
SU{2)x- We summarize the U{1) charges for each spinor in table [2l 

There are three topological twists called the half twist [T7j, the Vafa-Witten twist [21] 
and the Marcus twist 
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Half twist In the half twist, SU{2)r> and SU{2)ii are identified while the SU{2)l' 
and SU{2)l are left intact. The new Lorentz group is defined as SU{2)l x [SU{2)ri x 
S'f/(2)j^]diag where [SU{2)r' x S'f/(2)ij]diag denotes the diagonal subgroup of SU{2)ji' x 
SU{2)r. Spinors C^', Ca' '^^'^ ^e decomposed under the new Lorentz group as 

Ca^ = {cr'^)aB'^^ ^ Cm, Ca' = 5"a'C + (o'™")°A'Cmn, (4-21) 

where Cm, C and Cmn are vector, scalar and anti-self-dual tensor respectively. 

Vafa-Witten twist In the Vafa-Witten twist, SU{2)li x SU(2)jii in the R-symmetry 
and SU{2)r in the Lorentz symmetry is identified. The new Lorentz group is defined as 
SU{2)i X [SU{2)l> X SU{2)jii x 5'f/(2)/j]diag- Spinors are decomposed as 

Cof" = (0""')aB'e'^ ^ Cm, Ca' = ^"a'C + (o"'""')"A'Cmn, (4.22) 

Ca = )aB^ Cm, C A = aC + (f^ ) iCmn- (4-23) 

Marcus twist In the Marcus twist, SU{2)l' and SU{2)l, SU{2)r> and S'f/(2)j? are 
identified. The new Lorentz group is defined as [SU{2)l' x SU{2)L]diag x [SU{2)ji' x 
S'f/(2)j:j]diag- Spinors are decomposed as 

Ca"^ = {(y'^)aB'(^^ ^ Cm, Ca' = 5°A'C + (o"™"')"A'Cmn, (4.24) 

CJ = SJC + i^na^Cmn, Ca = (^™)"'^e^^C™. (4.25) 
4.2.2 Torsion conditions 

We have obtained the parallel spinor condition fl4.18p . Now we write down the conditions 
on the torsion (13. 4p . (13. 5p and (13. 8 p in the fi-background. The gauge invariance condition 
reads 

(Ka/ - K,/)^^nc = 0. (4.26) 

The condition (13. 5p becomes 

T[a6"T,]/ = 0, (4.27) 
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while the condition fl3.8p is reduced to 

TaC = -Ka/ = 0. (4.28) 
We first consider the condition (14 .26 p . From (I4.17p . the condition (I4.26P becomes 

K,/nmnc = 0, (4.29) 
(^a/ - K-,/)nrnnc = 0. (4.30) 

Since these conditions are independent of fimna', we assume that the parameters eia',e2a' 
are non-zero without loss of generality. 
Next, the condition (I4.27P becomes 

T„,/T,/ + tJtJ + njTj = 0, (4.31) 
tJtJ + n/Tj + tJt^J = 0, (4.32) 
tJtJ + Ty^Tj + TjT^i = 0. (4.33) 

Using (12.91) . the conditions (14.311) and (I4.32p are rewritten as 

K,,/k^,/ - K^'/K,,/ = 0, (4.34) 
K'/tJ + K^/T^i - KJ^tJ = 0. (4.35) 

The first equation (14.341) is the commuting condition of the contorsion matrices K^, f. 
Then K^, are parameters of f/(l)L' x U{1)r'. Finally, the condition (I4.28P becomes 

^a/ = 0. (4.36) 

In the following we solve the parallel spinor condition and the conditions on the torsion 
in each twist separately. 

4.3 Solutions to the conditions 
4.3.1 Half twist 

First we consider the half twist. The supercharges Q"^ and Qa' decomposed into Q, 
Qm, Qmn- The parameters Ca', C,% ^-re decomposed in the same way. The parallel spinor 
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condition (I4.18P for (, (mn and Cm are 



S^'n^naicT'^Tfi + S"B'K:d^'"^)A''' \C = 0, (4.37) 

5^A'^^™na(^T'"")%(aP^)^ + 5%,ir,.g,(S^'^) A,^' (a^«?)" J (pg = 0, (4.38) 



5V'^^mna(a'"")/(^T^)/3^e^'^' + 5^c'i^,,S£(a^)„^e'''''' (S^^)-^ Cp = 0. (4.39) 



In order that the scalar supersymmetry is preserved, the U{1)r and [/(l)^?' charges must 
be identified as 

6%'KMi^'')A'''' = -5^.fimna(a™")°^. (4.40) 

We then find that the scalar and one component of the tensor supersymmetries are pre- 
served and the others are broken under the condition fl4.40|] F. 

We then solve the constraints on the torsion. The anti-self-dual part of and 
^mna are identified by the relation (14.40 p . Then the anti-self-dual part of K^,^^ is non- 
zero since eia' and e2a' are non-zero. Therefore we find that fimnc = from (14.290 and 
(I4.30p is satisfied automatically for any K^^^. Using (14. 40 p . the anti-self-dual part of K^-^^ 
becomes zero. Since the U{1)l' x U{1)ri K^, charge of T^g"^ is non-zero, the condition 
(I4.35P implies T-g*^ = 0. Then, using the relation (12. 7p the self-dual part of -K"- is zero. 
The conditions (14.330 and (I4.36P are satisfied automatically. The self-dual part of K^, f^- 
belongs to [/(I)/,/. In summary, we have the following conditions on the f2-background 
parameters Qmna and the contorsion Ka^bc for the scalar supersymmetry generated by Q: 



-mn\a 




K.^^Ys = -^^mJ,, mJ^ = I '7 : I , (4.41) 

^mnd = ^a,bc ~ ^a,b'c' = ^a,'bc' ~ 

where rria' are real parameters. The theory has A/" = (0, 2) supersymmetrjl^ under the 
conditions (I4.4ip . The explicit form of the supersymmetry transformation of fields are 
obtained by substituting (14.411) into (13.101) . The result coincides with the transformation 
obtained in [T2]. 



^We will discuss the tensor supersymmetries in section 4.4 

^Thc notation Af — (m, n) means that the theory has m chiral, n anti-chiral supercharges. 
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The R-symmetry Wilson line {Aa')^^ contorsion K^,-^^ are related by (14. 6p . 

The conditions on the contorsion in f l4.4ip are rewritten as 

U — m / \ —m 



(4.42) 



(A) 



(A 



(A 



0, 



where ^4 = -^{A^ — i-A^) , A = ■:^{A5 + i^e) and m,fh, Qmn, ^mn are defined similarly. 
(^)^^, (-4)^^ are identified with the mass matrices of the hypermultiplet in the M = 2* 
theory ^ [12] . The mass of the hypermultiplet is yjmfh. Mass perturbations in twisted 
A/" = 4 theory are discussed in p3] . 

4.3.2 Vafa-Witten twist 



We next consider the Vafa-Witten twist. The supercharges and the parameters 



W ? Ca' are decomposed as in the case of the half twist. The supercharges Q^, are 
decomposed into Q' , Q'^an aiid Qmn- The parameters Co ; are decomposed in the same 



way. The parallel spinor conditions for C,ran and Cm are (I4.37p - (l4.39p . The conditions 
for C', Cn and C are 



bc\ B 
B-^^aMK^ )A 



C' = o, 



C =0 



The condition on the torsion for the scalar supersymmetry is 



^"^B^aMi^ )A 



bc\ B r/3 Q / --mn\a 

^•^I'mnayJ ) 



(4.43) 
(4.44) 
(4.45) 

(4.46) 



The condition (I4.46P together with fl4.4Up implies that the rank of the contorsion matrices 
^a'bc reduces by two and K^,^^ can be of the form 



a' be 



( -K> \ 

ka' 



V 0/ 



(4.47) 
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where ka' are non-zero parameters. Therefore, two matrices within Qmna = 7, 8, 9, 10) 
remain non-zero from the condition fl4.29p . From the representation of the S-matrices in 
the appendix, we can take fimng, ^mnio as non-zero matrices and Qmnr and Qmns as zero. 
Then from fl4.40p and (14.461) we get K^f^g = except Kajs {(^ = 9, 10) and the condition 
fl4.30p is satisfied automatically. The condition f l4.34p holds since the contorsion and the 
^-background matrices are identified by the relations ( 14.46^ and ( ]4.40p . and the matrices 
^mna commutc with each other. We find that the condition (14.350 is satisfied and the 
fl4.33p reduces to the commutative relation of Qmni and Qmns- The last condition f l4.36p 
holds when the conditions IK29\} . KM . ( lOill and ( lOHll are satisfied. 

We obtain the following conditions on the fi-background parameters flmna and the 
contorsion Ka^bc for the scalar supersymmetries generated by Q,Q': 

6^^K^,-,,{i:^')/ = -S^^Qmna'ian''^, («' = 5, 6) 

6%K,f^,0')/ = -6^ A^mna{^n%, (« = 9, 10) 
^mn7 — ^mnS — -^J.bc ~ "^8, fee ~ -^a,b'c' = a,hc' ~ ^' 

In terms of the R- symmetry Wilson line, these become 
AtS%{Aa)A^ = -5^i^^w(a'"")'^^, (a' = 5, 6) 

4z6%{Aa)A^ = -S^A^mnaian"^, = 9, 10), 

(A)^(Ss,)^ = (A)%(Ss,)^A = (A)%(s,,.0^ = {Aa)\{J:b,fA = 0, 

As in the case of the half twist, two components of the tensor supersymmetries are pre- 
served when the conditions (14.480 . (I4.49P are satisfied. Therefore the theory has Af = (0, 4) 
supersymmetry. 



(4.49) 
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4.3.3 Marcus twist 

Finally, we consider the Marcus twist. The supercharges iQ'^a' and QaiQ^ are de- 
composed into Q,Q, QmnjQmn and Qm,Qm- The parameters C«',Ca' ^^cl Ca,C^ are 
decomposed similarly. The parallel spinor conditions for (, (mn and Cm are fl4.37p - fl4.39p . 
The condition fl4.18p for (, (pg and (p are 

5/f^mna(a"")/ + 6jK^;,,iJ:'Yj,] C = 0, (4.50) 

'6jn^naicr"'na^ianp'' + 5/ir,,Sc(^'')a'' Cp, = 0, (4.51) 

'S,'^nrr.naian'',ian''e^^ + 5,^K^;,,if:'')/iaT^^^] Cp = 0. (4.52) 

We examine the conditions on the two scalar supersymmetries generated by Q, Q. The 
condition on the torsion for the parallel spinor ( is 

5jK^-,,iJ:'')^j^ = -(5/^]^„,(a'"")/. (4.53) 

Using the relation fl4.53p together with (14.401) . the condition fl4.29p implies that the ma- 
trices Qmnc vanish. Then the condition f l4.30p holds automatically. The condition f l4.34p 
is satisfied by using the relation fl4.53p . Similarly is shown to be zero from VLmnc = 0. 
Then the conditions fl4.35p . f l4.34p and f l4.36p are satisfied. 

We get the following conditions on the fi-background parameters Qmna and the con- 
torsion Ka^bc for the scalar supersymmetries generated by Q,Q: 

5jK^,^i^{j:'Y^ = -(5/fiw(a™")/, (4.54) 
In terms of the R-symmetry Wilson line, the conditions become 

AidJiAa'^B = -5/fiw(fx™")/, (4.55) 

In addition to the scalar supersymmetries, two components of the tensor supersymmetries 
are preserved when the conditions fl4.54p . f l4.55p are satisfied. Therefore the theory has 
Af = (2, 2) supersymmetry. 
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4.4 Nekrasov-Shatashvili limit 

We have examined the scalar supersymmetries of the A/" = 4 super Yang-Mills theory 
in the ^-background with the torsion. In this subsection, we study supersymmetries 
of the theory in the Nekrasov-Shatashvili limit of the fi-background [18]. It is defined 
by the limit where (or ei^) — ?■ and keeping eia (or e2a) finite. In this limit, the 
super Poincare symmetry of the two-dimensional subspace in four-dimensional spacetime 
is recovered. We will study how supersymmetry is enhanced in each topological twist. 

Half twist First, we consider the half twist where the contorsion and the f2-background 
matrices are related by (14. 40 p . We examine the parallel spinor conditions for the tensor 
and the vector supersymmetries f l4.38p . fl4.39p . 

For the vector supersymmetry, by eliminating the contorsion in fl4.39p . we get 

n^na(cr'"")/(aP)^^£^^' + (a^')„<i£"^'fi„„„(cT"^")s'^'] Cp = 0. (4.56) 

This equation fl4.56p is written in terms of ei^, as 

eiaia% - a%) + e^aia^ - a\,) = 0. (4.57) 

In the Nekrasov-Shatashvili limit, e2a — )■ (a = 5,6), the parameters C3)C4 satisfy the 
parallel spinor condition. In the limit eia — > (a = 5, 6), the parameters Ci, C2 satisfy the 
condition. 

We next consider parallel spinor condition for (pq. Using the relation (14. 40 p . the 
condition is rewritten as 

nrnna{a"'n''^i^'"fA' - i(T^T^n^na{a"'n^A'] Cpq = 0. (4.58) 

This is the commutative relation between the matrices ^mna{(^^^) and (pq{a^'^), 

If^n.naa™",Cp,aP''] = 0. (4.59) 

Since we have flmna{(^"^"') = i{^ia + ^20)^3, the parameter (12 satisfies (I4.59P as mentioned 
in section l4.3.1l and C13 = = 0. Therefore Af = (2, 2) supersymmetry is preserved in the 
Nekrasov-Shatashvili limit. The conserved supercharges of the J\f = (2, 2) supersymmetry 
in the half twist case is summarized in table O 
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Supercharge 


Scalar 


Tensor 


Vector 


eia ^ (a = 5,6) 


Q 


Ql2 


Qii Q2 


e2a (a = 5,6) 


Q 


Ql2 


Qsi Qa 



Table 3: Conserved supercharges in the half twist. 



Supercharge 


Scalar 


Tensor 


Vector 


ei, ^0 (a = 5,6,7,8) 


Q,Q' 


Q12, Q'l2 


Q11Q21 Q'li Q'2 


e2a^0 (a = 5, 6, 7, 8) 


Q.Q' 


Q12, Q12 





Table 4: Conserved supercharges in the Vafa-Witten twist. 



Vafa-Witten twist . The parallel spinor conditions for C,'^^ and Cm same as 

those for C^rnn and Cm in the half twist. Therefore M = (4,4) supersymmetry is preserved 
in the Nekrasov-Shatashvili limit. The conserved supercharges are found in table HI 

Marcus twist The parallel spinor conditions for (pg, (p have been written down. The 
parallel spinor condition for (pg is obtained by replacing amn with amn in fl4.59p . Then 
C12 satisfies the equation (I4.59P and C13 = Ci4 = 0. The condition for (p is 

eia(a'C3 - ^'(4) + e2a{a% - a%) = 0. (4.60) 

Therefore Af = (4,4) supersymmetry is preserved in the Nekrasov-Shatashvili limit. The 
conserved supercharges are summarized in table [51 

5 Conclusions and Discussion 

In this paper we studied ten-dimensional = 1 super Yang-Mills theory in the curved 
background with the torsion. We investigated the dimensional reduction to four dimen- 
sions where the torsion is introduced along the internal space such that four- dimensional 
gauge invariance is preserved. Requiring supersymmetry, it has been shown that the tor- 
sion obeys the constraints and also modifies the parallel spinor conditions. In particular 
we have studied the torsion in the ten-dimensional ^-background, where we can identify 
the R-symmetry Wilson line gauge field with the torsion. We solved the modified parallel 
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Supercharge 


Scalar 


Tensor 


Vector 


tia ^ (a = 5,6) 




Ql2i Ql2 


Qii Q21 Qii Q2 


e2a (a = 5,6) 




Ql2, Ql2 


Q31 Qa, Qsi Qa 



Table 5: Conserved supercharges in the Marcus twist. 



spinor conditions for the topological twists (the half-twist, the Vafa-Witten twist and the 
Marcus twist) of A/" = 4 supersymmetry. We found the solutions of the deformation pa- 
rameters of the fi-background and the Wilson line gauge fields. We obtained the preserved 
supersymmetries for these twists. 

In order to construct the deformed topological field theory associated with the twists, it 
is necessary to extend the deformed scalar supersymmetry to the off-shell supersymmetry. 
In a subsequent paper [21] , we will discuss the off-shell structure of the twisted deformed 
theories and their instanton effective action. 

One can consider the curved background admitting the (conformal) Killing spinor asso- 
ciated with super(conformal)symmetry transformations. In the case without the torsion, 
the parallel spinor conditions lead to the Ricci-flatness of the geometry. For the case with 
the Killing spinor, the associated geometries have been classified in [H]. The conformal 
Killing spinor in S^ [IHl [16] and other geometries [251 ES, [27] are used to discuss the local- 
ization. It would be interesting to introduce the torsion for the geometry admitting (con- 
formal) Killing spinor conditions and examine the deformed super(conformal)symmetry. 

It would also be an interesting problem to understand the ten-dimensional deformed 
theory in superstring theory. The stringy realization of the f2-background allows us to 
analyze the various dimensional system [28l [29l [30l [311 [321 [33]. From the dimensional 
reduction to various dimensions, we can obtain the fi-deformed gauge theories other than 
four dimensions in a systematic way. One can also study their Nekrasov-Shatashvili limit, 
where the various f2-deformed BPS states exist in the deformed theories [SH [351 ESI l37] . 
From the supersymmetry constructed in this work, one can compute the central charges 
for the BPS states, which are important to understand the integrability structure of the 
deformed theory. 
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Appendix Dirac matrices in four and six dimensions 

In this appendix, we present our conventions of the Dirac matrices in four- and six- 
dimensional spaces with the Euclidean signature. The Dirac matrices a^^ and a-"^°° in 
four dimensions are defined by 

a'^^{ir\ir^iT\l2), a"^ = (-irS -ir^, -^T^ I2), (A.l) 

where r* (i = 1, 2, 3) are the Pauli matrices and I2 denotes the 2x2 identity matrix. We 
define the Lorentz generators a'"" and a™" by 

a — —\a a — a a J, a — —[^ct a — a a j. i-^-^j 



The Dirac matrices E""^^ and in six dimensions are defined by 

E^- 



iT^ 

ir^ / ' 



E»= I ^JM, E^= f ' I, E^° = 

E^= I ° 1 , E° = I • " I , E' = 



2 



-ir 



il2\ ^9 _ I ^ ' \ v'lO 

-il2 














































































t2 


:) 



(A.3) 



The Lorentz generators E"** and E"** are defined by 



Y^ab ^ 1 ^^a^b _ ^b^a^j ^ E"'' = - (E^E'' - E^'E") . (A.4) 
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